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Abstract
We compute the one-loop correction to the probe D3-brane action in AdS5 × S5 ex-
panded around the classical Drukker–Fiol solution ending on a circle at the boundary. It
is essentially the logarithm of the one-loop partition function of an Abelian N = 4 vector
multiplet in AdS2 × S2 geometry. This one-loop correction should be describing the sub-
leading 1/N term in the expectation value of circular Wilson loop in the totally symmetric
rank k representation in SU(N) SYM theory at strong coupling. In the limit 1≪ k ≪ N
when the circular Wilson loop expectation values for the symmetric representation and
for the product of k fundamental representations are expected to match we find that this
one-loop D3-brane correction agrees with the gauge theory result for the k-fundamental
case.
∗Also at Lebedev Institute, Moscow
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1 Introduction and summary
BPS Wilson loops (WL) in higher representations in N=4 super YM theory admit a dual
description in terms of D-branes [1, 2, 3, 4, 5, 6]. In particular, in [2] it was shown that WL
in the symmetric representation of SU(n) can be described in terms of D3-branes, with the
number k of boxes in the Young tableau playing the role of an extra parameter, in addition
to N and the ’t Hooft coupling λ. For large N and k ≪ N the dual description is given in
terms of k coincident strings (same as for multiply wrapped WL) while for k ∼ N ≫ 1 with
k/N=fixed it is expected to be in terms of a probe D3-brane in AdS5 × S5 space.1
The classical probe D3-brane solution representing large k circular WL found in [1] applies
in the limit of large N and large λ with
κ ≡ k
√
λ
4N
= fixed . (1.1)
The WL expectation can be written as
〈W 〉 = e−Γ , Γ = Γ0 + Γ1 + ... , (1.2)
where Γ0 is the D3-brane probe action evaluated on the classical solution [1]
Γ0 = NF0 , F0 = −2
(
κ
√
1 + κ2 +Arcsinh κ
)
, (1.3)
and Γ1 stands for the first subleading 1/N correction. For k ≪ N one gets Γ0 = −k
√
λ
which is the result for k-wrapped circular string WL [10, 11]. Γ0 in (1.3) was found to match
the corresponding gauge theory matrix model results [1, 3]: at this leading order the matrix
1For k ∼ N2 ≫ 1 the probe approximation is no longer valid as one cannot ignore back reaction [7] of
D-branes on geometry [8, 9].
1
model expression [12, 13, 14] for circular WL in the fundamental representation extended to
k-fundamental (or multiply wound) WL case [1] is the same as the WL corresponding to the
symmetric representation [3, 4].
As for the subleading correction Γ1, it appears to be non-trivial to extract it from the general
result for the rank k symmetric representation WL given in [15] but it can be readily found
for the k-fundamental WL case. Starting with the matrix model solution of [13] and replacing√
λ → k√λ one gets [1]2
〈W✷k〉 = e−Γ✷k = N−1e2Nκ2 L1N−1(−4Nκ2) . (1.4)
Here Lmn is the Laguerre polynomial, so that Γ✷k(N, κ) satisfies [1]
Γ✷k ≡ NF , (∂κF)2 −N−1
(
∂2κF + 3κ−1∂κF
)− 16(1 + κ2) = 0 . (1.5)
For large N and fixed κ one finds
F = F0(κ) +N−1F1(κ) +O(N−2) , (1.6)
where F0 is the same as in (1.3) and the next correction is [16]
(Γ1)✷k = F1 = 12 ln
(
κ3
√
1 + κ2
)
. (1.7)
In contrast to 〈W✷k〉 which depends only on N and k
√
λ , the rank k symmetric representation
expression 〈Wsymk〉 is, in general, a non-trivial function of the three parameters N,
√
λ and k
[15]. The analog of the above expansion (1.6) will be to take N large first for fixed κ and
√
λ
and then expand in large
√
λ at each order in 1/N .
There is no a priori reason why the leading large
√
λ term in the first 1/N correction in
〈Wsymk〉 should be the same as (1.7). However, it is easy to see that in the limit 1 ≪ k ≪ N ,
that is in the limit of small κ, the logarithms of the dimensions of the two representations
d✷k = N
k and dsymk =
(N+k−1)!
k!(N−1)! are the same to leading order. Hence, using (1.7) one may
expect that
κ≪ 1 : (Γ1)✷k ≈ (Γ1)symk ≈ 12 ln κ3 . (1.8)
Our aim below will be to see how this result can be reproduced in the dual D3-brane description
[1] of the symmetric represention WL.3
2Given the matrix model expression 〈N−1tr eM 〉 = Z−1 ∫ [dM ] N−1tr eM exp(−2Nλ−1trM2) for the WL
expectation value in the fundamental representation, to find the expectation value in the tensor product of k
fundamental representations 〈N−1tr ekM 〉 one is to replace kM → M , i.e. λ → k2λ. The result then depends
on N, k,
√
λ only through N and k
√
λ , or N and κ.
3One can expect that the same conclusion should also hold in the case of the totally antisymmetric rep-
resentation. It indeed holds for the leading semiclassical result at large λ obtained in [3, 4]: 〈WAk〉 =
exp(2N
√
λ sin3 θ/3π), where θ − 12 sin 2θ = πkN . Taking the limit k ≪ N we find that 〈WAk〉 → exp(k
√
λ)
which coincides with the small κ limit of (1.2), (1.3).
2
One natural suggestion is that to go beyond the leading large N result (1.3) one should
include the contribution of one-loop fluctuations of D3-brane fields near the classical solution
of [1] (ignoring α′ corrections to the D3-brane probe action and also contributions of loops of
massive string modes as they should be suppressed at leading order in large
√
λ ). Since the
D3-brane probe tension in AdS5 × S5 is effectively proportional to N , the 1-loop correction Γ1
to the D3-brane effective action (1.2) will be a function of κ only. The path integral for the
D3-brane probe action is not well-defined in general (the DBI action is non-renormalizable),
but the semiclassical correction may still make sense in the expansion near a BPS solution as
it corresponds to taking into account the contributions of massless open string modes only.
While the resulting expression for Γ1 will be UV divergent, indicating the need to account
for a proper embedding of this calculation into string theory, one may still expect that the
finite κ-dependence is correctly captured (to leading order in large
√
λ ) by the massless mode
contributions only. Indeed, the string theory cutoff should be independent of the background
parameter κ, and the massive string mode contributions should be suppressed by extra powers
of the inverse of string tension
√
λ .
The investigation of the semiclassical quantization of the probe D3-brane action near the
solution [1] representing the circular WL was initiated in [17, 18] which we will build on. The
action for the quadratic fluctuations is essentially that of an Abelian N = 4 vector multiplet
in AdS2 × S2 background with κ-dependent radii. Computing the corresponding one-loop
correction to the classical value of D3-brane action we will find that
Γ1 =
1
2
ln(L2Λ2) + Γ1 fin(κ) + C1 , Γ1 fin(κ) =
1
2
ln
κ3√
1 + κ2
, (1.9)
where Λ is UV cutoff, L is AdS5×S5 radius and C1 is a numerical (κ-independent) constant given
by the sum of ζ ′(0) terms for the corresponding quadratic fluctuation operators in AdS2 × S2
geometry.
We conclude that the κ-dependent part of the one-loop D3-brane result (1.9) differs in
general from the k-fundamental WL expression (1.7), but the two do coincide in the small κ
limit, in agreement with (1.8). We conjecture that Γ1 fin in (1.9) should match the symmetric
representation expression (Γ1)symk for any finite κ.
Below in section 2.1 we shall first review the classical D3-brane solution [1] representing
circular WL in the symmetric representation at strong coupling and then in section 2.2 describe
the quadratic fluctuation part of the D3-brane probe action expanded near it following [17, 18].
The κ-parameter dependent part Γ1 fin(κ) of the corresponding one-loop effective action (1.9)
will be found in section 2.3.
In Appendix A we shall compute the numerical part C1 of the effective action (1.9) using
heat kernel methods [19, 20, 21, 22] in AdS2 × S2 background. In Appendix B we shall review
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the structure of the one-loop correction [23] to circular WL in AdS5 × S5 string theory (corre-
sponding to the limit of N = ∞ with λ ≫ 1 for fixed k) and then rederive the result of [24]
for its finite part for k = 1 by completing the computation originally presented in [23] based
on AdS2 heat kernel expressions.
2 One-loop correction near the D3-brane solution
2.1 Classical solution
Let us first review the classical solution [1] for D3-brane probe in AdS5 × S5 that should be
describing [2] the expectation value of a BPS circular Wilson loop in the rank k symmetric
representation of SU(N). The D3-brane is localized in AdS5 with coordinates chosen as
ds2 =
L2
sin2 η
[
dη2 + cos2 η dψ2 + dρ2 + sinh2 ρ (dθ2 + sin2 θ dφ2)
]
. (2.1)
Here L is the AdS5 × S5 radius, L2 = (4πgsN)1/2 α′ ≡
√
λ α′. The worldvolume of the D3
brane will be parametrized by σα = (ψ, ρ, θ, φ). The bosonic part of the D3-brane probe action
in AdS5 × S5 is
S = TD3
(∫
d4σ e−Φ
√
det(g + 2πα′F ) −
∫
C4
)
, TD3 =
1
(2π)3gsα′2
=
N
2πL4
. (2.2)
The relevant solution ending on a circle parametrized by ψ at the boundary η = 0 is [1]4
sin η = κ−1 sinh ρ , 2πα′F¯ψρ =
iL2
sinh2 ρ
, κ =
k
√
λ
4N
=
kL2
4N
. (2.3)
The induced metric on the D3-brane is then that of AdS2 × S2
ds¯2 = a2AdS2(dξ
2 + sinh2 ξ dψ2) + a2S2(dθ
2 + sin2 θ dφ2) , (2.4)
aAdS2 = L
√
1 + κ2 , aS2 = Lκ , sinh ξ = (1 + κ
2)−1/2 cot η . (2.5)
Substituting the solution (2.3) into the action (2.2) (and taking into account boundary terms)
one finds that the latter is equal to Γ0 in (1.3) [1].
Let us note that the BPS solution corresponding to the (k-fold) infinite straight line WL can
be found from (2.3) by taking η and ρ small and replacing ψ with a non-compact coordinate x.
4The gauge field has an extra factor of i in Euclidean space (it becomes a real electric field in Minkowski
signature). The momentum conjugate to Aψ component of vector potential is set equal to k which on the dual
gauge theory side is identified with the rank of the symmetric representation.
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Both circle and straight line solutions can be described in a unified manner in the coordinate
system where the AdS5 metric is [17]
ds2 = L2
(
du2 + cosh2 u ds2AdS2 + sinh
2 u ds2S2
)
. (2.6)
Choosing ds2AdS2 in Poincare coordinates, i.e. ds
2
A˜dS2
= r−2(dx2 + dr2), corresponds to the
straight line case and choosing it in global coordinates ds2AdS2 = dχ
2 + sinh2 χ dψ2 – to the
circle case. Then in both cases the solution is simply u = uκ, sinh uκ = κ, so that the induced
metric (cf. (2.4)) and the electric gauge field background are
g¯αβdσ
αdσb = L2
(
cosh2 uκ ds
2
AdS2
+ sinh2 uκ ds
2
S2
)
, sinh uκ = κ , (2.7)
2πα′F¯ = iL2 cosh uκ e
0 ∧ e1 , (2.8)
where (e0, e1) is the vielbein of the Euclidean AdS2.
Let us recall that the euclidean AdS2 space in Poincare coordinates with boundary R (which
we shall denote as A˜dS2) is not globally equivalent to H2 = AdS2 in global coordinates with
boundary S1. In particular, their regularized and renormalized volumes are different
VA˜dS2 =
Ta
ε
→ 0 , VAdS2 = 2πa2(
1
ε
− 1)→ −2πa2 . (2.9)
Here a is the radius, T is the length of the boundary of A˜dS2 and ε is a radial IR cutoff.
In what follows we shall always assume, as by now standard, that all power IR divergences
are ignored (being cancelled by proper boundary terms), so that volumes should be replaced
by their renormalized values. As a result, in the straight line WL case the classical D3-brane
probe action vanishes [1] (consistent with 〈W 〉 = 1 in this 1/2 BPS case), while in the circular
WL case one finds a non-trivial expression (1.3). This is, of course, parallel to what happens
in the corresponding string theory description of these WL’s at finite k [11, 23, 25, 24]. Same
will also apply at the loop level.
2.2 Quadratic fluctuation action
Our aim is to compute the first quantum correction to the D3-brane effective action expanded
near the above classical solution. As the D3-brane action (2.2) scales as N (for fixed L), the
one-loop correction corresponds to the first subleading order in 1/N expansion at fixed κ.
The derivation of the quadratic fluctuation action was described in detail in [17, 18] which
we follow here. In a static-like gauge the remaining 6 bosonic scalar fluctuations are ΦI =
L (δu, δθa) where u = uκ + T
−1/2
D3
δu and δθa are 5 fluctuations in S5 directions. There are also
gauge field fluctuations defined by 2πα′Fαβ = 2πα
′F¯αβ + T
−1/2
D3
fαβ . The quadratic fluctuation
action is the sum of the bosonic and fermionic parts S˜ = S˜B + S˜F and is esentially the same
5
as the action of an Abelian N = 4 supersymmetric vector multiplet in curved AdS2 × S2
background:5
S˜B =
∫
d4σ
√
M¯
(
1
2
Gαβ∂αΦ
I∂βΦ
I + 1
4
GαβGγδfαγfβδ
)
= c
∫
d4σ
√
G
(
1
2
Gαβ∂αΦ
I∂βΦ
I + 1
4
GαβGγδfαγfβδ
)
, (2.10)
S˜F =
∫
d4σ
√
M¯ GαβΘ(iΓα∇β)Θ = c
∫
d4σ
√
G Θ(iΓα∇α)Θ . (2.11)
Here M¯ is the determinant of the matrix
M¯αβ = g¯αβ + 2πα
′F¯αβ , (2.12)√
M¯ = c
√
G , c ≡ coth uk =
√
1 + κ2
κ
, (2.13)
where g¯αβ and F¯αβ are the induced metric and the classical solution for the gauge field. G is
the determinant of the “open string” metric
Gαβ = g¯αβ + (2πα
′)2g¯γδF¯αγF¯βδ , (2.14)
which is the inverse of the symmetric part of M¯αβ , i.e. M¯
(αβ) = Gαβ (see, e.g., [26]). In the
present case Gαβ turns out to be that of the AdS2 × S2 space with equal radii (cf. (2.7))
Gαβdσ
αdσβ = a2
(
ds2AdS2 + ds
2
S2
)
, a = Lκ . (2.15)
The spinor covariant derivative ∇α in (2.11) is defined with respect to Gαβ .
The action (2.10),(2.11) is different from the action for a massless N=4 vector multiplet
in AdS2 × S2 geometry only by the overall constant factor c. The presence of this factor
which originates from
√
M¯ in (2.13) implies that the covariant measures for the fluctuations in
question (which are essentially massless open-string modes) should be defined with respect to
M¯αβ as
6
||Φ||2 =
∫
d4σ
√
M¯ ΦIΦI = c
∫
d4σ
√
GΦIΦI , (2.16)
||a||2 =
∫
d4σ
√
M¯ Mαβ aαaβ = c
∫
d4σ
√
GGαβ aαaβ , (2.17)
||Θ||2 =
∫
d4σ
√
M¯ Θ ·Θ = c
∫
d4σ
√
GΘ ·Θ . (2.18)
5The simplicity of the fluctuation action is due to the residual supersymmetry of the background BPS
solution.
6Here aα is a vector potential, fαβ = ∂αaβ − ∂βaα.
6
2.3 One-loop correction to D3-brane effective action
In general, the one-loop effective action of the N = 4 vector multiplet theory in curved back-
ground is given by the standard sum of the gauge field, 6 real scalar and 4 Majorana fermion
contributions
Γ1 = Γg + 6Γs + 4Γf , (2.19)
Γg =
1
2
ln det(−Gαβ∇2 +Rαβ)− ln det(−∇2) , Γs = 12 ln det(−∇2 + 16R) , (2.20)
Γf = −12 ln det(iΓα∇α) = −14 ln det(−∇2 + 14R) , (2.21)
where the second term in Γg corresponds to the contribution of the ghosts. In the present
case of equal-radii conformally-flat AdS2 × S2 geometry (2.15) the Ricci scalar and the Weyl
tensor of Gαβ vanish.
7 The above determinants are assumed to be defined with respect to the
measures in (2.16)–(2.18).
Since AdS2× S2 is a homogeneous space, Γ1 will be proportional to its volume. As already
mentioned above, we shall assume that all power IR divergences should be ignored, i.e. the
volume of AdS2×S2 space with boundary S1×S2 should be replaced by its renormalized value
VAdS2×S2 = (4πa
2)× (−2πa2) = −8π2a4 . (2.22)
In the straight-line solution case the renormalized volume will vanish (see (2.9)), VA˜dS2×S2 = 0,
and thus, as in the corresponding string-theory description [23, 24], the one- (and higher-) loop
corrections will vanish too.
In the circular solution case Γ1 will be non-zero and will contain three terms (cf. (1.9)):
(i) a UV divergent (conformal anomaly related) term Γ∞ proportional to the logarithm of the
product of (e.g., proper-time ǫ = Λ−2 → 0) UV cutoff and the radius a in (2.15);
(ii) a finite contribution Γm ∼ ln c of the non-trivial measure;
(iii) a non-trivial numerical constant C1 (given by the sum of finite parts of logs of normalized
determinants) that can be found using standard heat kernel techniques [20] (as discussed for
4d scalars, vectors and spinors in AdS2 × S2 background in a different context in [21, 22]).
We will present the computation of C1 in Appendix A while here will concentrate on the
first two contributions. Explicitly, we have
Γ∞ = −12B4 ln(a2Λ2) , B4 = 1(4π)2
∫
d4σ
√
Gb4 , (2.23)
where b4 is the local Seeley coefficient (see, e.g., [27, 28]). In the present AdS2 × S2 case
b4 = −aR∗R∗ , R∗R∗ = −2R2αβ = −8a−4 , (2.24)
a = ag + 6as + 4af =
31
180
+ 6× 1
360
+ 4× 11
720
= 1
4
, (2.25)
B4 =
1
(4π)2
VAdS2×S2 b4 = −1 , (2.26)
7Thus the scalars ΦI in (2.10) are, in fact, conformally coupled.
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where we used (2.22). Thus (2.23) becomes
Γ∞ =
1
2
ln(a2Λ2) . (2.27)
The regularized measure contribution is also controlled by the same Seeley coefficient B4 ap-
pearing in the expansion of tr 1→ tr e−ǫ∆ (∆ is the corresponding 2nd order operator),8 i.e.
Γm =
1
2
B4 ln c = −12 ln c . (2.28)
Since the UV cutoff should not depend on the parameter κ of the background solution (it
should be, in fact, proportional to α′−1 in a consistent string theory embedding) we can then
determine the κ-dependent part of Γ1 by combining (2.27) and (2.28) and using the definitions
of c (2.13) and a (2.15):
Γ∞ + Γm =
1
2
ln(L2Λ2) + Γ1 fin(κ) , Γ1 fin(κ) =
1
2
ln
κ3√
1 + κ2
. (2.29)
We thus find the expression in (1.9) announced in the Introduction.
Acknowledgements
We would like to thank N. Drukker, B. Fiol, M. Kruczenski, Yu. Makeenko and A. Tirziu
for very useful discussions. The work of E.I.B. was supported by the ARC Future Fellowship
FT120100466. The work of A.A.T. was supported by the ERC Advanced grant No.290456 and
also by the STFC grant ST/J000353/1. This work was also supported in part by the ARC
Discovery project DP140103925. E.I.B. would like to thank Theory Group at Imperial College
where the part of the work was done for warm hospitality.
A Finite part of one-loop effective action of N = 4 vector
multiplet on AdS2 × S2
The contributions of determinants of 2nd order operators in (2.20), (2.21) can be expressed in
terms of the trace of the corresponding heat kernel in the standard way. In the present case of
8Note that the squared fermionic operator is assumed to be defined with respect to the same measure (2.18).
Then all power divergences cancel, consistent with supersymmetry of this model. In general, given a spectral
problem for an operator O with respect to the measure µ, i.e. Ofn = λnfn,
∫
µ f∗nfm = δnm, the path integral
with the action S =
∫
µφ∗Oφ is expressed in terms of detO = ∏n λn (one sets φ = ∑n cnfn and integrates
over cn). Then det O2 =
∏
n λ
2
n corresponds to path integral with the action S =
∫
µφ∗O2φ and the constant
measure factor dependence is controlled by the Seeley coefficient of O2 (see, e.g., Appendix A in [23]).
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AdS2 × S2 space (2.15)
1
2
ln det∆ = −1
2
∫ ∞
ǫ
dt
t
K(t) , K(t) = VAdS2×S2 K(t) . (A.1)
Here K(t) =
∑
n e
−λnt and for a homogeneous space K(t) ≡ K(x, x; t) = ∑n e−λntf ∗n(x)fn(x)
does not depend on the point x ({fn(x)} is a set of normalized eigenfunctions of ∆ with
eigenvalues λn). The renormalized expression for the AdS2 × S2 volume factor was given in
(2.22).
In general, the finite part of (A.1) is naturally expressed as −1
2
ζ ′(0) in terms of the corre-
sponding ζ-function
ζ(z) =
1
Γ(z)
∫ ∞
0
dt tz−1K(t) =
1
Γ(z)
VAdS2×S2
∫ ∞
0
dt tz−1K(t) , (A.2)
1
2
ln det∆ = −1
2
ζ(0) ln(1/ǫ¯)− 1
2
ζ ′(0) . (A.3)
Here ǫ¯ = a−2µǫ is the combination of the UV cutoff ǫ = Λ−2, geometrical scale a and a possible
measure factor µ (corresponding to ∆→ µ∆). If we formally include in ζ(0) the contribution
of potential zero modes (by IR-regularizing them with a small mass term) its expression will
match the value of the Seeley coefficient B4 in (2.23), (2.28).
For a product space like AdS2 × S2 the scalar and spinor heat kernel factorizes. For com-
pleteness, let us first quote the “untraced” expressions for heat kernels K(x, x′; t) of mass-
less scalar Laplacians on S2 and AdS2 (see, e.g., [19, 29, 30]). They depend on coordinates
of two points x, x′ only through the corresponding geodesic distance d(x, x′). For S2 with
unit-radius metric ds2 = dθ2 + sin2 θ dφ2, x = (θ, φ), the geodesic distance is given by
cos d(x, x′) = cos θ cos θ′ + sin θ sin θ′ cos(φ− φ′) and9
KS2(x, x
′; t) = 1
4π
∞∑
ℓ=0
(2ℓ+ 1)Pℓ(cos d(x, x
′)) e−tℓ(ℓ+1) . (A.4)
For AdS2 with metric dξ
2 + sinh2 ξ dψ2, x = (ξ, ψ), the geodesic distance is cosh d(x, x′) =
cosh ξ cosh ξ′ − sinh ξ sinh ξ′ cos(ψ − ψ′) and 10
KAdS2(x, x
′; t) = 1
2π
∫ ∞
0
dv v tanh(πv)P− 1
2
+iv(cosh d(x, x
′)) e−t(v
2+ 1
4
) . (A.5)
9The derivation starts with K written as a sum of product of normalized eigenfuctions (spherical harmonics)
and uses the summation formula for the associate Legendre polynomials: Pℓ(cos d(x, x
′)) = Pℓ(cos θ)Pℓ(cos θ
′)+
2
∑ℓ
m=1
(ℓ−m)!
(ℓ+m)!P
m
ℓ (cos θ)P
m
ℓ (cos θ
′) cos(φ − φ′), with P−mℓ (cos θ) = (−1)m (ℓ−m)!(ℓ+m)!Pmℓ (cos θ).
10The expressions (A.4) and (A.5) are formally related by an analytic continuation and use of the relation∑
ℓ f(ℓ) =
1
2i
∫
C
dz cot(πz) f(z) where C encirles the real axis. Explicitly, one is to set ℓ → z = − 12 + iv,
continue the angles θ → iξ, φ→ ψ so that dS2(x, x′)→ dAdS2(x, x′), and finally reverse the overall sign of the
metric (or restore the radius factor and set a→ ia). The latter corresponds to t→ −t in (A.4), as required to
match (A.5).
9
Here Pq(y) is the Legendre function that becomes equal to 1 at coincident points when d(x, x) =
0, i.e. Pq(1) = 1. Let us note that KAdS2(x, x
′; t) admits also an alternative representation [29]:
KAdS2(x, x
′; t) =
√
2
(4πt)3/2
∫ ∞
d(x,x′)
du
u√
cosh u− cosh d(x, x′) e
− 1
4
(u
2
t
+t) . (A.6)
The expressions for K(t) = K(x, x; t) for the massless scalar, vector and fermion operators
in (2.20),(2.21) can be found in [19, 20, 21, 22] and are summarized below. For a real scalar
operator on AdS2 × S2 with equal radii a one has
Ks(t) = KsAdS2(t)K
s
S2(t) , (A.7)
KsS2(t) =
1
4πa2
∞∑
ℓ=0
(2ℓ+ 1) e−tℓ(ℓ+1)a
−2
, (A.8)
KsAdS2(t) =
1
2πa2
∫ ∞
0
dv v tanh(πv) e−t(v
2+ 1
4
)a−2 . (A.9)
Here v is a continous spectral parameter for the Euclidean AdS2 case.
11 From now on we shall
set the radius a = 1 as the dependence on it is controlled by the conformal anomaly coefficient
B4 and was already determined in (2.27).
For a single 4d Majorana fermion contribution one gets
K f(t) = −1
2
K fAdS2(t)K
f
S2(t) , (A.10)
K fS2(t) = − 12π
∞∑
ℓ=0
(2ℓ+ 2) e−t(ℓ+1)
2
, K fAdS2(t) = − 1π
∫ ∞
0
dv v coth(πv) e−tv
2
. (A.11)
The gauge vector field contribution in (2.20) can be written as the difference of the contribution
Kv of the operator −Gαβ∇2 +Rαβ and that of the 2 scalar ghost operators [21]
Kg = Kv − 2Ks , Kv = KvAdS2 KsS2 +KvS2 KsAdS2 . (A.12)
The vector heat kernel on S2 is the same as that of two scalar ones with 0-mode subtracted,
while on AdS2 there is an additional vector mode that is not related to the scalar ones, i.e.
KvS2 = 2
(
KsS2 − 14π
)
, KvAdS2 = 2K
s
AdS2
+ 1
2π
. (A.13)
As a result, Kg can be written as the contribution of two scalars plus an extra term:
Kg = 2Ks + K˜ , Ks = KsAdS2(t)K
s
S2(t) , K˜ =
1
2π
[
KsS2(t)−KsAdS2(t)
]
. (A.14)
11Note that there is no scalar zero mode on the total AdS2 × S2 space despite the presence of ℓ = 0 zero
mode on S2.
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The total traced heat kernel contribution of the fields of an Abelian N = 4 multiplet is then
K(t) = 8KsAdS2(t)K
s
S2(t) + 4K
f
AdS2
(t)K fS2(t) +
1
2π
[
KsS2(t)−KsAdS2(t)
]
. (A.15)
From (A.7)–(A.9) we get then for the ζ-function (A.2) in the scalar operator case (using the
expression for VAdS2×S2 in (2.22))
ζ s(z) = −
∞∑
ℓ=0
(2ℓ+ 1)
∫ ∞
0
dv
v tanh(πv)[
v2 + (ℓ+ 1
2
)2
]z . (A.16)
To evaluate this we may first split tanh(πv) into two terms as tanh(πv) = 1 − 2(e2πv + 1)−1.
Denoting the corresponding contributions as ζ s1(z) and ζ
s
2(z) we find
ζ s1(0) = − 7960 , ζ s ′1 (0) = − 1960
[
7− 2 ln 2 + 1680 ζ ′R(−3)
]
, (A.17)
ζ s2(z) = 2
∫ ∞
0
dv
v
e2πv + 1
H(v, z) , H(v, z) ≡
∞∑
ℓ=0
2ℓ+ 1[
v2 + (ℓ+ 1
2
)2
]z , (A.18)
ζ s ′2 (0) = −2
∫ ∞
0
dv
v
e2πv + 1
H ′(v, 0) , (A.19)
where prime denotes derivative over z. Expanding the denominator ofH in power series in v and
doing the sum using the standard Riemann zeta function, i.e.
∑∞
ℓ=0(2ℓ+1)
−p = (1−2−p)ζR(p),
etc., gives (see, e.g., [31, 32, 33])
H(v, z) =
∞∑
r=0
(−v2)r 22z+2r Γ(r + z)
Γ(z)Γ(r + 1)
∞∑
ℓ=0
(2ℓ+ 1)−2r−2z+1
= 2
∞∑
r=0
(−v2)r Γ(r + z)
Γ(z)Γ(r + 1)
(22r+2z−1 − 1) ζR(2r + 2z − 1) . (A.20)
As a result,12
H(v, 0) = 1
12
− v2 , (A.21)
H ′(v, 0) = −1
6
(1 + ln 2) + 2 lnA+
∫ v2
0
dx
[
ψ
(
1
2
+ i
√
x
)
+ ψ
(
1
2
− i√x)]
= −1
6
− ln(2π)− 4 lnA + 2H(v) , (A.22)
H(v) = iv ln Γ
(
1
2
− iv)
Γ
(
1
2
+ iv
) + ψ(−2)(1
2
− iv)+ ψ(−2)(1
2
+ iv
)
. (A.23)
Here ψ(n)(x) is the polygamma function, ψ(x) = ψ(1)(x), and A is the Glaisher constant,
lnA = 1
12
− ζ ′R(−1) = 112
[
γE + ln(2π)
]− 1
2π2
ζ ′R(2) = 1.282... . (A.24)
12We used the identity∑
∞
r=2(−v2)r (22r−1 − 1)r−1ζR(2r − 1) = v2(γE + 2 ln 2) + 12
∫ v2
0
dx
[
ψ(12 + i
√
x) + ψ(12 − i
√
x)
]
.
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Thus ζ s2(0) = − 112880 and
ζ s ′2 (0) = − 1144
[
1 + 6 ln(2π) + 24 lnA
]
+ I1 , I1 ≡ 4
∫ ∞
0
dv
v
e2πv + 1
H(v) . (A.25)
It is not clear how to compute the convergent integral I1 in (A.25) analytically, but it is
straightforward to evaluate it numerically:
I1 = 0.117854... . (A.26)
Combining (A.17) and (A.25) we finally get ζ s(0) = − 1
90
and
ζ s ′(0) = − 1
2880
[
41 + 114 ln 2 + 120 lnπ + 480 lnA + 5040 ζ ′R(−3)
]
+ I1 , (A.27)
where ζ ′R(−3) = 0.005....
In the Majorana fermion case (A.10), (A.11) we get
K f(t) = − 1
4π2
∞∑
ℓ=0
(2ℓ+ 2)e−t(ℓ+1)
2
∫ ∞
0
dv v coth(πv)e−tv
2
, (A.28)
ζ f(z) = 2
∞∑
ℓ=0
(2ℓ+ 2)
∫ ∞
0
dv
v coth(πv)
[v2 + (ℓ+ 1)2]z
. (A.29)
The computation of ζ f(z) follows similar steps as above, i.e. splitting coth(πv) = 1+2(e2πv − 1)−1,
etc. We find that ζ f(0) = − 11
180
and13
ζ f ′(0) = 1
180
[
7− 120 lnA− 720 ζ ′R(−3)
]
+ 2I2 , I2 ≡ 4
∫ ∞
0
dv
v
e2πv − 1 G(v) , (A.30)
G(v) = 1
2
∫ v2
0
dx
[
ψ
(
i
√
x
)
+ ψ
(− i√x) ] = iv ln Γ(−iv)
Γ(iv)
+ ψ(−2)(−iv) + ψ(−2)(iv) .(A.31)
The numerical value of I2 is
I2 = 0.237101... . (A.32)
To determine the vector contribution (A.14) to ζ ′(0) we need to add to the two scalar contri-
butions (A.27) an extra term corresponding to
K˜ = − 1
2π
KsAdS2(t) +
1
2π
KsS2(t) ≡ K˜1(t) + K˜2(t) , (A.33)
13Here we used that∑
∞
r=2(−v2)rr−1ζR(2r − 1) = γEv2 + 12
∫ v2
0
dx
[
ψ(i
√
x) + ψ(−i√x)].
12
where KsS2 and K
s
AdS2
were given in (A.8) and (A.9). The ζ-function corresponding to the AdS2
part K˜1(t) is
ζ˜1(z) = 2
∫
dv
v tanh(πv)(
v2 + 1
4
)z , ζ˜1(0) = −13 , (A.34)
ζ˜ ′1(0) =
1
6
(1 + ln 2)− 2 lnA+ 2
∫ 1/4
0
dx ψ
(√
x+ 1
2
)
= 1
6
− ln(2π) + 4 lnA . (A.35)
The S2 part contains the IR singular zero-mode (ℓ = 0) contribution. It may be regularized by
adding a small mass parameter m2,
K˜2(t) =
1
8π2
∞∑
ℓ=0
(2ℓ+ 1) e−s[ℓ(ℓ+1)+m
2] , ζ˜2(z) = −
∞∑
ℓ=0
2ℓ+ 1[(
ℓ+ 1
2
)2
+ (m2 − 1
4
)
]z . (A.36)
As a result,
ζ˜ ′2(0) =
1
6
(1 + ln 2)− 2 lnA−
∫ −1/4+m2
0
dx
[
ψ
(
1
2
+ i
√
x
)
+ ψ
(
1
2
− i√x)] . (A.37)
Taking the limit m→ 0 and omitting the singular lnm term we get
ζ˜ ′2(0) =
1
6
+ 4 lnA + lnm2 → 1
6
+ 4 lnA = 1
2
− 4ζ ′R(−1) . (A.38)
This is the same expression as found in [34]. Note that including formally (the regularized)
zero-mode contribution in the ζ-function gives ζ˜2(0) = −13 which matches the value of the
corresponding Seeley coefficient. Summing up the expressions for ζ˜1 and ζ˜2 in (A.35) and
(A.38) we get ζ˜(0) = −2
3
and
ζ˜ ′(0) = 1
3
− ln(2π) + 8 lnA . (A.39)
We can now combine the above results to find the total values of ζ(0) and ζ ′(0) for the N = 4
supersymmetric Abelian gauge theory in AdS2×S2 background. Explicitly, for the sum of the
gauge field ζg = ζv − 2ζ s = 2ζ s + ζ˜ (cf. (A.14)), 6 real scalar ζ s and 4 Majorana fermion ζ f
contributions, i.e. ζ = ζg + 6ζ s + 4ζ f = 8ζ s + 4ζ f + ζ˜, we get
ζ(0) = 8ζ s(0) + 4ζ f(0) + ζ˜(0) = −8× 1
90
− 4× 11
180
− 2
3
= −1 , (A.40)
ζ ′(0) = 8ζ ′s(0) + 4ζ ′f(0) + ζ˜ ′(0)
= − 1
120
(− 45 + 158 ln 2 + 160 lnπ)+ 4 lnA− 30ζ ′R(−3) + 8(I1 + I2) . (A.41)
The integrals I1 and I2 were given in (A.25), (A.26) and (A.30), (A.32).
We conclude that the value of ζ(0) is the same as of B4 in (2.22) and the constant parameter-
independent part C1 of the 1-loop effective action (1.9) is proportional to (A.41) (cf. (A.3)).
Its numerical value is
C1 = −12ζ ′(0) = −0.809684... . (A.42)
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B The AdS5 × S5 string one-loop correction to circular
Wilson loop revisited
For completeness, let us review the expression for the AdS5 × S5 string one loop correction to
the (k-wound) circular Wilson loop [10, 11] found in the limit when one first takes N = ∞
and then expands in large string tension
√
λ for fixed k. Here one represents the planar
expectation value 〈W 〉 = e−Γ¯, Γ¯ = Γ¯0 + Γ¯1 + Γ¯2 + ..., by the string path integral with a
disc-like world sheet ending on a circle at the boundary of AdS5 × S5 space. The classical
world-sheet metric is that of the (k-wrapped version of) euclidean AdS2 with S
1 boundary and
so the classical action (proportional to the renormalized volume in (2.9)) is Γ¯0 = −k
√
λ , while
Γ¯1 = Γ1(k), Γ¯2 =
1√
λ
Γ˜2(k), etc.
The general form of the conformal-gauge string one loop correction was given in [23] as
Γ¯1 =
1
2
ln
[det(−∇2 + 2)]3 [det(−∇2)]5
[det(−∇2 + 1
4
R + 1)]8
. (B.1)
In the straight line WL case the classical action and loop corrections are proportional to the
volume of A˜dS2 with boundary R which has zero renormalized value (2.9) and thus they should
be assumed to vanish [23, 24], in agreement with 〈W 〉 = 1 on the gauge theory side.
In the circular case the computation of the corresponding determinants was carried out
using different methods in [23, 24, 35], with the finite part of the resulting expression for Γ¯1(k)
being [24]
Γ¯1 fin(k) = Γ¯1 fin(1) + (2k +
1
2
) ln k − ln k! , Γ¯1 fin(1) = 12 ln(2π) . (B.2)
At the same time, the gauge theory expression (1.4) taken at N → ∞ and then expanded in
large λ for fixed k gives the familiar modified Bessel function expression [12, 13, 1] 〈W 〉 =
2(k
√
λ )−1I1(k
√
λ ) = ek
√
λ −Γ1+..., where
Γ1 = Γˆ1 +
3
2
ln k + 3
2
ln
√
λ , Γˆ1 =
1
2
ln π
2
. (B.3)
Here the second 3
2
ln k term is of course the same as the one present in (1.8). The third term may
be attributed to the presence of the string tension normalization factor for the three (Mobius-
symmetry) ghost zero modes on the disc [13], which was not included in (B.1),(B.2). Even
ignoring this term, Γ¯1 fin(1) in (B.2) still differs from Γˆ1 in (B.3) by an extra ln 2 term. This
difference may be coming from a numerical factor in normalization of the disc zero modes or
from the ratio of the ghost and the two longitudinal mode determinants (assumed to be equal
to one in (B.1)) once they are computed with proper boundary conditions (cf. [35]).
A resolution of this problem may lead to a change in the k-dependence of Γ1 fin in (B.2)
making it match the second term in the gauge-theory result (B.3). Here we will not attempt
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to resolve this issue and will only review and complete the original computation in [23] of Γ1 fin
in (B.2) for k = 1 based on expressing the determinants in (B.1) in terms of the known [19, 20]
heat kernels of the scalar and spinor Laplacians on AdS2. This provides an alternative to the
derivation of Γ1 fin in [24].
The discussion below repeats the computation in Appendix B.1 in [23]. There it was assumed
to apply to the straight string case and it was not appreciated that in the case of A˜dS2 with
the boundary R the result, proportional to the volume VA˜dS2 ∼ 1ε contains only IR divergent
piece that may be discarded [24]. The expressions in Appendix B.1 in [23] are, in fact, literally
valid in the circular string case where the classical world sheet metric is that of AdS2 with S
1
boundary which has finite renormalized volume (2.9).14
Γ¯1 in (B.1) contains the contributions of 3 scalars with mass-squared m
2 = 2, 5 scalars with
m2 = 0 and 8 Majorana fermions with m2 = 1, propagating in AdS2. We will set the AdS2
radius to 1 since Γ¯1 does not depend on it (assuming UV divergences eventually cancel [23]).
As in (A.1) here
1
2
ln det∆ = −1
2
VAdS2
∫ ∞
ǫ
dt
t
K(t) , VAdS2 = −2π . (B.4)
The trace of heat kernel for massive scalars and fermions may be written as
K(t) =
1
2π
∫ ∞
0
dv µ(v) e−t(v
2+M) , (B.5)
µ(v) = v tanh(πv) , M = 1
4
+m2 for scalar , (B.6)
µ(v) = −v coth(πv) , M = m2 for Majorana fermion . (B.7)
The corresponding ζ-function is (cf. (A.2))
ζ(z) = − 1
Γ(z)
∫ ∞
0
dv µ(v)
∫ ∞
0
dt tz−1 e−t(v
2+M) = −
∫ ∞
0
dv
µ(v)
(v2 +M)z
. (B.8)
Starting with the scalar case we may split the spectral density as tanh(πv) = 1−2(e2πv + 1)−1 .
The contribution from the first term to ζ ′(0,M) is then −1
2
M(lnM−1) . The second term gives
an exponentially convergent integral for large v so we can set z = 0 inside the integral. Then
the scalar ζ-function is
ζ s ′(0,M) = −1
2
M(lnM − 1)− J1(M) , J1(M) ≡ 2
∫ ∞
0
dv
v ln(v2 +M)
e2πv + 1
. (B.9)
14The expressions for heat kernels and ζ-functions there did not contain the volume factor VAdS2 = −2π
which we will include below. We will also perform the final step of summation of the bosonic and fermionic
contributions that was not done explicitly in Appendix B.1 in [23].
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We may write J1(M) =
∫M
0
dx ∂J1(x)
∂x
+ J1(0) where [20]
∂J1(M)
∂M
= 2
∫ ∞
0
dv
v
(e2πv + 1)(v2 +M)
= −1
2
lnM + ψ
(√
M + 1
2
)
, (B.10)
J1(0) = 2
∫ ∞
0
dv
v ln v2
e2πv + 1
= 1
12
(1 + ln 2)− lnA . (B.11)
Thus
ζ s ′(0,M) = − 1
12
(1 + ln 2) + lnA−
∫ M
0
dx ψ
(√
x+ 1
2
)
, (B.12)
where A is the Glaisher constant (A.24). The total bosonic contribution of 3 scalars (see (B.6))
with M = 1
4
+ 2 = 9
4
and 5 scalars with M = 1
4
is found (after doing the integrals) to be
ζ ′B(0) = 3ζ
s ′(0, 9
4
)
+ 5ζ s ′
(
0, 1
4
)
= −20
3
+ 7 ln(2π)− 16 lnA . (B.13)
Performing a similar computation in the fermionic case (B.7) (with coth(πλ) = 1+2(e2πλ − 1)−1,
etc.) we get
ζ f ′(0,M) = 1
2
M(lnM − 1)− J2(M) , J2(M) = 2
∫ ∞
0
dv
v ln(v2 +M)
e2πv − 1 , (B.14)
∂J2(M)
∂M
= 2
∫ ∞
0
dv
v
(e2πv − 1)(v2 +M) =
1
2
lnM − 1
2
(
√
M)−1 − ψ(
√
M) . (B.15)
ζ f ′(0,M) = −1
6
+ 2 lnA +
√
M +
∫ M
0
dx ψ(
√
x) . (B.16)
The contribution of 8 Majorana fermions with M = m2 = 1 is then
ζ ′F (0) = 8ζ
f ′(0, 1) = 20
3
− 8 ln(2π) + 16 lnA . (B.17)
Thus the total 1-loop correction coming from (B.1) is
Γ1 = −12ζ ′B(0)− 12ζ ′F (0) = 12 ln(2π) , (B.18)
which is indeed the same as Γ1 fin in (B.2).
It should be possible to generalize the above computation to the case of k-wrapped circular
Wilson loop to check the result (B.2) of [24]. The corresponding solution inAdS3 with the metric
ds2 = z−2(dr2 + r2dφ2 + dz2) is described by φ = kτ, z = tanh kσ, r = cosh2 kσ, z =
√
1− r2,
where τ ∈ (0, 2π), σ ∈ (0,∞). The induced metric is ds2 = k2(sinh κσ)−2(dτ 2 + dσ2) = dξ2 +
k2 sinh2 ξ dτ 2, where eξ = tanh kσ
2
. For k = 1 this is the standard regular AdS2 metric but for
general k it has a conical singularity at ξ = 0 with negative deficit δ = 2π(1−k), k = 2, 3, 4, ....
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While we are interested in the case of integer k let us formally consider k as an arbitrary real
number. Then setting it to be 1/n with an integer n we get an orbifold AdS2/Zn (with a conical
singularity of positive deficit) and the corresponding heat kernel can be found as a sum over
images [36, 30, 22].15 In the case of a cone of a 2-plane ds2 = dξ2 + k2ξ2dτ 2 with generic k the
heat kernel can be found using “re-periodisation” trick [37] and the same idea applies to the
cone of AdS2 with explicit expression for the scalar case given in [36]. The analogous expression
for the spinor heat kernel for generic k can be found using the results of [20, 38] and following
the examples of the cones of 2-plane and 2-sphere in [39]. We leave a detailed computation for
an integer k for the future.
15Explicitly, it is given by the following modification of (A.5):
KAdS2(x, x
′; t) = 12π
∑n−1
r=0
∫
∞
0 dv v tanh(πv)P− 12+iv(cosh d(ξ, τ ; ξ
′, τ ′ + 2πr
n
)) e−t(v
2+ 1
4
) .
Similar construction applies in the spinor case [22].
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